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Robust Cross-Coupling Synchronous Control by
Shaping Position Commands in Multiaxes System

Chin-Sheng Chen, Member, IEEE, and Li-Yeh Chen

Abstract—This paper proposes a new structure for cross-
coupling synchronous controller using an H∞ control scheme to
shape position commands for precise tracking in multiaxial motion
control, together with its stability analysis. This proposed struc-
ture has the advantage that the controller has a simpler design
process and more robust performance than conventional ones.
The proposed controller is evaluated and compared simulated
and experimentally with an unsynchronous controlled system and
a conventional system. The simulated and experimental results
show that the new structure reduces the position synchronous
error remarkably. In addition, this new controller can easily be
implemented on most currently used motion systems used by
reprogramming the reference position command subroutine.

Index Terms—Cross-coupling synchronous controller (CCSC),
H∞ control, multiaxial motion control, position synchronous
error, robust performance.

I. INTRODUCTION

H IGH-PRECISION synchronous motion control has found
numerous applications in manufacturing industries, in-

cluding microelectronics, aerospace, solar cell, and flat panel
manufacturing and inspection [1]–[3]. In the multiaxes syn-
chronous stage configuration for motion control, several motors
are mounted on a single movement stage. However, with heavy
high-speed moving multiaxes stage machine tools, although
each axis can be designed with the same dynamic specifi-
cations, synchronous error between multiaxes motors is still
generated because nonbalanced forces add to the cross-coupled
mechanism and other moving parts, position variation of the
mechanism assembly, and various uncertainty disturbances dur-
ing the working process. The synchronous error will influence
the working quality of workpieces and can even lead to the re-
jection of the workpieces due to overcurrent protection. Hence,
control of the synchronous error in the multiaxes configuration
has become a challenge due to the increasing demands for high
speed and high accuracy in manufacturing and inspection.

There are two typical control schemes commonly used in
current industrial control systems for moving multiaxes syn-
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chronous stages: 1) the cascade synchronous control scheme
and 2) the parallel synchronous control scheme [4]. In the
former scheme, one motor is assigned as the master and the
other motors as the slaves. The reference position command
is fed only to the master, and the slaves track the response
of the master. Although multiposition loops can independently
be designed according to the dynamics of multiple plants, the
synchronous performance will be limited due to the servo lag
of the master motor. That implies that the position response of
the slave motor will deviate from the desired position reference
command. In the parallel synchronous control scheme, several
motors treated as an overall control system and a cross-coupling
control are typically adapted to decouple the impeded force and
minimize the position offset among all axes. The main problem
with this scheme arises from differences in the dynamics of
several motors or their loads. Fanuc’s position tandem/torque
tandem [5] and Siemens’s torque/speed controller [6] have
been proposed for two-axes synchronous control. Koren [7]
introduced a symmetrical structure of cross-coupling controller
(CCC) to improve the synchronous problems. Subsequent ef-
forts have used this concept to improve the contouring [8]–
[10] and synchronization [11]–[14] performance of multiaxes
motions. Moreover, there has been much research investigating
the use of robust control, adaptive control, or intelligent control
to improve the performance of moving multiaxes synchronous
stages [15]–[18].

The servo drives currently used in the industry can be
classified into three types of control mode: 1) position mode;
2) velocity mode; and 3) torque mode. Each mode has its
own merits and applicability, and none is dominant, which
is why most suppliers provide all of these control modes for
application engineers to choose from. Although various control
modes are available, the classical CCC, intended to modify
the command of velocity-mode feed drive or torque-mode
feed drive, cannot cope with systems using the position-mode
feed drive. To apply this advanced control scheme, a more
generalized CCC structure is needed, which is the motivation
of this paper. Since the synchronous error is a function of
axial position responses, the authors believe that modification
of the position command is also another feasible way to reduce
position synchronous error. Specifically, the output of the new
structure for each axis is directly fed back to modify the
reference position command. As shown below, the design of the
proposed cross-coupling synchronous controller (CCSC) will
introduce a “synchronous error transfer function matrix,” or
SETFM, which is similar to the sensitivity function. The overall
design procedure and stability analysis of the proposed CCSC
thus becomes very simple.
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4762 IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 59, NO. 12, DECEMBER 2012

This paper proposes a new structure of robust CCSC using an
H∞ control scheme to shape position commands for accurate
synchronization of motion control. The CCSC guarantees a
reduction in position synchronous error for multiaxial mo-
tion. The contributions of this paper include the following:
1) Our multiaxes synchronous error model generalizes the
synchronous errors that can be extended to any state error
in the multiaxes motion system, such as velocity and ac-
celeration, and has several advantages for controller design.
2) The uncertainty and external disturbance can be coped by
our proposed H∞ controller. 3) This new controller can easily
be implemented on most currently used motion systems by
reprogramming the reference position command. In the fol-
lowing, a simple synchronous state error template definition
is presented. This synchronous error template definition can
be applied for different synchronous state requirements. Then,
this paper uses H∞ theory [19], [20] to design a robust CCSC
compensator and discusses the system stability. The results
enable us to shape the dynamics of position synchronous error.
Finally, experiments are performed and the results discussed.
The results confirm the effectiveness of this command shaping
design.

II. SYNCHRONOUS ERROR OF MULTIAXES DEFINITION

A. Synchronous Error of Multiaxes Definition

In this section, we propose a synchronous state error model
template. This synchronous state model template has two main
advantages: 1) it can be applied in different synchronous state
requirements (i.e., position, velocity, acceleration, etc.) by con-
sidering appropriate states; and 2) it can easily be extended to
multiaxes synchronous applications. First, we define the syn-
chronous state (x ∈ Rn) error as ε = [ε1 ε2 · · · εn]T ∈
Rn, where

εi = xave − xi for i = 1 · · ·n (1)

the xave is an average value of all states

xave =
1
n

n∑
i=1

xi. (2)

We can also use another way to represent the synchronous state
error as

ε = (x · t) · t − x (3)

where t ∈ Rn is a unit vector in which all element values are
equal to 1/

√
n. Furthermore, the synchronous state error can be

derived into a matrix multiply synchronous state

ε = (x · t) · t − x

= (t · tT ) · x − x

= (t · tT − I) · x

=Cx. (4)

Here, C ∈ Rn×n is defined as the synchronous error matrix,
and the general formula is

C=

⎡⎢⎢⎣
c11 c12 · · · c1n

c21 c22 · · · c2n
...

...
. . .

...
cn1 cn2 · · · cnn

⎤⎥⎥⎦=

⎡⎢⎢⎢⎢⎣
1−n

n
1
n · · · 1

n
1
n

1−n
n · · · 1

n

...
...

. . .
...

1
n

1
n · · · 1−n

n

⎤⎥⎥⎥⎥⎦
n×n

.

(5)

However, this synchronous error matrix has a characteristic that
should be noted, i.e.,

rank(C) = n − 1. (6)

Equation (4) is useful and direct in representing the relationship
between state and synchronous state error. However, for a
synchronous control target, a synchronous error matrix C will
give the controller scheme one more order of degree than is
actually needed. In fact, from (6), it is clear that we only need
to control n − 1 states for a synchronous control target. Hence,
we apply the matrix dividing technique to divide synchronous
error matrix C into two matrixes as left and right in

C =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

l11 l12 . . . l1(n−1)

l21 l22
. . . l2(n−1)

l31
. . .

. . .
...

...
. . .

. . .
...

ln1 ln2 · · · ln(n−1)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡⎢⎢⎢⎣
r11 r12 r13 · · · r1n

r21 r22
. . .

. . . r2n
...

...
. . .

. . .
...

r(n−1)1 r(n−1)2 · · · · · · r(n−1)n

⎤⎥⎥⎥⎦
=Ln×(n−1) · R(n−1)×n. (7)

There are many different settings for two matrixes, and here,
we set each of the R and L matrix elements as

rij =

{ 1 if j = i + 1
−1 if j = 1
0 if others

lij = ci(j+1). (8)

Thus, a right synchronous error εr ∈ R(n−1) can be defined as

εr = Rx. (9)

Comparing (9) and (4), the ranks of matrices R and C are
n − 1 and n, respectively, which implies that the dimensions
of right synchronous state error vector εr will be reduced one
from synchronous state error vector ε. If the right synchronous
state error is improved, then so is the synchronous state error.
This implies that the right synchronous error matrix is more
appropriate for controller designs than the synchronous error
matrix.

In this paper, we define a position-synchronous error and a
position-right synchronous error by applying this synchronous
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Fig. 1. Function block notation for single-axis position loop.

state error template, i.e.,

εp =Ce (10)

εpr = Re (11)

where εp ∈ Rn is the position-synchronous error, εpr ∈ Rn−1

is the position-right synchronous state error, and e ∈ Rn is the
position tracking error.

III. DESIGN OF CONTROL SYSTEM

A. Modeling Description

Each single-axis object of this paper utilizes the cascade
control structure, which is popularly applied for industrial servo
drivers, as shown in Fig. 1. In that scheme, the inner velocity
loop uses the integral Kvi and proportional Kvp controllers,
whereas the outer position loop uses the proportional Kpp

controller. The Gp(s) is the physics model for the single-axis
plant, which can be represented as

Gp(s) =
Kt

Js + B
(12)

where J is the inertia constant, B is the viscous damp-
ing constant, and Kt is the torque constant. Here, xsi =
[Pi Vi Verii]T and usi = Pdi are defined as the state vector
and the control input. Then, a state-space representation of the
single motion system is given by

mi :
{

ẋsi = Asixsi + Bsiusi

ysi = Csixsi + Dsiusi
for i = 1 · · ·n (13)

where

Asi =

⎡⎣ 0 1 0
0 −(KtiKvpiUti + B)/Ji KtiKvii/Ji

−UtiKppi −Uti 0

⎤⎦
(14)

Bsi =

⎡⎣ 0
0

Kppi

⎤⎦ (15)

Csi = [ 1 0 0 ] (16)

Dsi = [ 0 0 ] . (17)

According to (13), a multiaxes system M is extended as

M = diag(m1,m2,m3, . . . ,mn). (18)

Fig. 2. Uncoupled motion control system.

In a real application, this multiaxes system is stable because
each single-axis controller obtains its proper setting. Hence,
if M is to be a control object, without loss of generality, M
can be seem as an inherently stable system. For applications
that have a synchronous requirement, a direct method is to
design the inner controllers for each axis to achieve m1 =
m2 = m3 = · · · = mn. However, in practice, this method is
difficult because each of the dynamic systems of an axis still
contains some unmodeled errors, as well as loading varying and
disturbances that produce synchronous errors. Assume that M
has the following set of multiplicative perturbations:

M = (I + ΔM)Mn (19)

where ΔM ∈ RH∞ is the multiplicative perturbation, and
Mn ∈ M is the nominal plant. The goal of synchronous control
is to design a stabilizing controller for the nominal plant Mn,
and the closed-loop system is well posed and internally stable
if and only if ‖ΔM‖∞ ≤ 1. Hence, we propose the robust
cross-coupling synchronous control by shaping the position
command method to improve the M synchronous problem.

B. Uncoupled Multiaxes Motion Control System

To analyze right synchronous errors, consider the general
multiaxes uncoupled motion control system shown in Fig. 2.
The corresponding terms are as follows:
Pd = [Pd1 Pd2 · · · Pdn]T desired axial position

command;
Pao = [Pao1 Pao2 · · · Paon]T actual axial position

responses;
eo = [eo1 e02 · · · eon]T tracking error;
εpro = [εpro1 εpro2 · · · εpro(n−1)]T position right synchro-

nous error of uncoupled
system;

M control object;
R right synchronous error

matrix.
The tracking error and the right synchronous error defined

for this uncoupled (open) system are

eo = (I − M) · Pd (20)

εpro =R · eo = R · (I − M) · Pd. (21)

According to (21), the synchronous errors can be improved
by effectively designing each individual axis, but this is difficult
under large system uncertainty.



4764 IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 59, NO. 12, DECEMBER 2012

Fig. 3. Proposed CCSC control system.

C. Proposed Multiaxes Motion Control System

Using the CCSC Cc and the left synchronous error matrix L
to couple the multiple axes, the structure proposed is shown in
Fig. 3, and the corresponding terms are as follows:

Pd = [Pd1 Pd2 · · · Pdn]T desired axial position
command;

Pm = [Pm1 Pm2 · · · Pmn]T axial modified position
command;

Pac = [Pac1 Pac2 · · · Pacn]T actual axial position
responses;

ec = [ec1 ec2 · · · ecn]T tracking error;
εprc = [εprc1 εprc2 · · · εprc(n−1)]T position right synchro-

nous error of uncoupled
system;

M control object;
R right synchronous error

matrix;
L left synchronous error

matrix;
Cc synchronization

controller.

Pm is the modified position command of each axis. The CCSC
forms extraloops, which are used to modify the position com-
mand of each axis. Based on the concept of cascade control, it
is clear that the design of the original tracking system does not
affect these outer loops. The modified position commands of
each axis can be obtained as

Pm = Pd + LCcεprc. (22)

Hence, the actual position response and the synchronous error
of a coupled (close) system are derived as

Pac = (I + MLCcR)−1 · (M + MLCcR) · Pd (23)

ec = (I + MLCcR)−1 · (I − M) · Pd (24)

εprc = R · ec =R · (I+MLCcR)−1 · (I−M) · Pd. (25)

Comparing (24) and (25) to (20) and (21), the tracking error
and the synchronous error are all induced by CCSC Cc. How
to design Cc to maintain good synchronous performance is
discussed in the following section.

Fig. 4. Equivalent CCSC control block.

D. Design of the CCSC

To develop a scheme for CCSC, the inversion lemma is
applied in

(I + MLCcR)−1 = I − M · (I + LCcR · M)−1 · LCcR.
(26)

Substituting (21) and (26) into (25), the synchronous error of a
coupled system can be rewritten as

εprc =
[
I − R · M · (I + LCcR · M)−1 · LCc

]
· εpro. (27)

Clearly, (27) denotes the improvement of the synchronous
error by applying the multiaxial CCSC, and that depicts the
relationship between the synchronous errors of the coupled and
uncoupled systems. By applying the inversion lemma again

I − R · M · (I + LCcR · M)−1 · LCc = (I + RMLCc)−1.
(28)

Then, by substituting (28) into (27), the simple relationship
between the synchronous errors of the coupled and uncoupled
systems can be reconfigured as

εprc = (I + P̃ · Cc)−1εpro (29)

where P̃ = RML is an equivalent plant. We denote the func-
tional relationship (I + P̃ · Cc)−1 as F , and then

εprc = F · εpro. (30)

As represented in (30), F is defined as the synchronous error
transfer function matrix (SETFM). It should be noted that a
component of F is similar to the sensitivity function in the
control system design shown in Fig. 4. Since M includes
system uncertainties, as shown in (19), the equivalent plant P̃
can be rewritten as

P̃ = RML = (I + ΔP )P (31)

where

P =RMnL (32)

ΔP =RΔML. (33)

This implies that the equivalent plant P̃ is a nominal plant
P that encountered multiplicative output perturbation. As a
result, an H∞ control scheme is adopted in the CCSC design
to achieve high contouring accuracy.

Controller design in the H∞ framework provides a guarantee
of stability within a given set of model perturbations arising
from past or scheduled changes. The mixed-sensitivity problem
with output feedback configuration, one of the H∞ control
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Fig. 5. CCSC control scheme in output multiplicative perturbed form.

Fig. 6. LFT framework of the CCSC control scheme.

problems, can be applied to the objective plant P . Fig. 5 shows
two matrices S(s) and T (s), which are defined as

S(s) = (I + P (s) · Cc(s))
−1 (34)

T (s) = (I + P (s) · Cc(s))
−1 · P (s) · Cc(s)=I−S(s). (35)

These two matrices S(s) and T (s) are known as the sensi-
tivity and complementary sensitivity functions, respectively.
W1 is chosen to penalize the sensitivity S(s) at low and mid
frequency to provide good disturbance attenuation and ensure
that system performance is maintained in spite of parametric
variations at low frequency. W3 is chosen to ensure robust
stability by covering P̃ /P − I and attenuating high-frequency
measurement noise by driving down T (s) at high frequency.
Then, this control problem can be formulated in a lower linear
fractional transformation (LFT) framework, as shown in Fig. 6.
Here, G(s) denotes the augmented plant, and the CCSC Cc(s)
represents the controller. G(s) has two inputs: 1) the exogenous
input w, which contains the uncoupled synchronous error εpro

in the design phase, and 2) the manipulated variables u. There
are two outputs: 1) the error signals z, which should be mini-
mized, and 2) the measured variables y, which should be used
to control the system. The vector z reflects all the performance
criteria defined for the system. This is the part that should be
optimized by the H∞ design. In this application, z contains two
signals, i.e., z = [z1 z3]T . The vector y contains the coupled
synchronous error εprc. Finally, the vector u, which contains the
control signals, is calculated by the CCSC Cc(s). In formulas,
the system is[

z
y

]
=G

[
w
u

]
=

[
G11 G12

G21 G22

] [
w
u

]
(36)

u =Cc(s)y. (37)

It is therefore possible to express the dependency of z on w as

z = Tzw(G,Cc) · w. (38)

Referred to as the lower LFT, Tzw(G,Cc) is defined as

Tzw(G,Cc) = G11 + G12Cc(I − G22Cc)−1G21. (39)

With the control problem definition as described by the aug-
mented plant in Fig. 6, the augmented plant transfer function
matrix becomes

G =
[

G11 G12

G21 G22

]
=

⎡⎣ W1 −W1 · P
0 W3 · P
I −P

⎤⎦ . (40)

Inserting these matrix elements into Tzw(G,Cc)

Tzw(G,Cc) =
[

W1 (I + P (s) · Cc)
−1

W3 · (I + P (s) · Cc)
−1 · P (s) · Cc

]
. (41)

Therefore, the objective of the H∞ control design is to find a
controller Cc(s) such that Tzw(G,Cc) is minimized according
to the H∞ norm. The infinity norm of the transfer function
matrix Tzw(G,Cc) is defined as

‖Tzw(G,Cc)‖∞ = sup
ω

σ (Tzw(G,Cc)(jω)) (42)

where σ is the maximum singular value of matrix
Tzw(G,Cc)(jω), ‖Tzw(G,Cc)‖∞ is called a mixed-sensitivity
cost function, and the minimization encompassed all realizable
controllers Cc(s) that stabilize the closed-loop system.

According to (41), minimizing the ∞-norm of this matrix
will then yield the controller that best satisfies the control
requirements

‖Tzw(G,Cc)‖∞ =
∥∥∥∥ W1S

W3T

∥∥∥∥ < γ. (43)

As can be seen, S and T are shaped as the inverse of their
respective weighting functions, scaled by the minimum norm
value γ. Robust stability is guaranteed by ensuring that the
weighting function W3 envelops the multiplicative perturbation
of the plant in the maximum singular value sense as

|W3(jω)| ≥ σ

[
P̃ (jω)
P (jω)

− I

]
∀ω (44)

where

P̃ (s) = (I + Δ(s)W3(s)) P (s) (45)

in which Δ(s) indicates the normalized unknown transfer func-
tion, and ‖Δ(s)‖∞ ≤ 1.

E. Design of H∞ Controller

Since there is no method used to directly calculate the H∞
controller from (43), the augmented plant G is firstly repressed
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as state-space form

G :

{
ẋ = Ax + B1w + B2u
z = C1x + D11w + D12u
y = C2x + D21w + D22u

(46)

where D11 = D22 = 0, (A,B1) is controllable, (C1, A) is
observable, (A,B2) is stabilizable, and (C2, A) is detectable.

One solution of the stabilizing H∞ controller Cc is

Cc = −
(
DT

12D12

)−1 (
BT

2 X∞ + DT
12C1

)
. (47)

All of the variables in (47) are known except X∞. To obtain
X∞, it is necessary to solve the following Riccati matrix
equation:

CT
1

(
I − D12

(
DT

12D12

)−1
DT

12

)
×

(
I − D12

(
DT

12D12

)−1
DT

12

)T

C1

+ X∞
(
A − B2D12

(
DT

12D12

)−1
DT

12C1

)T

X∞

− X∞
(
B2

(
DT

12D12

)−1
BT

2 − γ−2B1B
T
1

)
X∞ = 0.

(48)

However, it is not easy to solve the Riccati equations manually.
In this paper, the Robust Control Toolbox of MATLAB has been
used to solve this problem.

IV. STABILITY ANALYSIS

The definition of bounded input bounded output (BIBO)
stability is: “For internally connected systems, the input signals
are injected into each internal connection point to result in
the mixed output signals. The internally connected systems are
internally stable if the set of all input signals and output signals
are bounded input bounded output (BIBO) stable.”

To analyze the stability of multiaxes cross-coupling posi-
tion synchronous control system, the individual axial tracking
errors ec = [ec1 ec2 · · · ecn]T and the synchronous errors
εprc = [εprc1 εprc2 · · · εprcn]T in the CCSC scheme can be
rewritten as

ec =Pd − Pac

= (I + MLCcR)−1 · (I − M) · Pd

=
[
I − (I + MLCcR)−1MLCcR

]
(I − M) · Pd (49)

εprc = (I + RMLCc)−1εpro

= (I + RMLCc)−1 · R · (I − M) · Pd

=R · (I + MLCcR)−1 · (I − M) · Pd

=R ·
[
I − (I + MLCcR)−1MLCcR

]
· (I − M) · Pd.

(50)

From (49) and (50), if the multiaxes cross-coupling position
synchronous control system is designed to meet the following
requirements:

1) position feedback loop controller achieves BIBO stability
for each axis;

2) SETFM remains stable since M has multiplicative
perturbations;

Fig. 7. Desired position command.

then the multiaxes cross-coupling position synchronous control
system achieves all poles of the axial error transfer function ma-
trix that are all stable. Therefore, the multiaxes cross-coupling
position synchronous control system is BIBO stable.

V. PERFORMANCE EVALUATION AND DISCUSSION

In this section, we discuss the application of the derived
control law in quadriaxial position synchronizing motion sys-
tem and compare with an uncoupled multiaxes motion control
system and two synchronous control schemes proposed by
Cheng et al. [21], [22]. The proposed controller can be applied
in the industrial practice for different setups. In addition, we can
quantify the efficiency of our proposed controller with the syn-
chronous error. Here, the sampling period of simulations and
experiments is chosen as 1 ms. The control algorithms are sim-
ulated with the nominal model and experimented with the actual
system. Here, the same position command with three different
feed rates is fed into each axis to be conducted for comparison,
and the desired position and feed rate are shown in Figs. 7
and 8. The motion distance of the position command for each
axis is 244.14 mm(2 × 106BLU), and the feed rates are 36.62,
73.24, and 109.86 mm/s, respectively. In the simulation and
experimental studies, the reference commands pass through an
acceleration/deceleration (Acc/Dec) mechanism before being
fed into the servo loop. This Acc/Dec mechanism can provide a
smooth motion profile to avoid undesirable vibration. Although
it also induces synchronous error during the initial and final
instants of transient periods, once the transient response dies
out, the proposed method generates very good results.

The scheme of this motion system is shown in Fig. 9.
The system modeling, identification, and feedback loop design
follows our previous work. Then, the identified plant of each
axis was estimated respectively in Table I. According to the
identified parameters of the plant, all the controller parameters,
in both simulation and experiment, for each axis are designed
using the following specifications: 1) the bandwidth of velocity
loop is 35 Hz and 2) the bandwidth of position loop is 8 Hz.
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Fig. 8. Desired feed rate command.

Fig. 9. Quadriaxial motion system with CCSC scheme.

TABLE I
IDENTIFIED PARAMETERS OF SERVO PLANT

In practice, there are parametric uncertainties and distur-
bance in a multiaxes motion system. Therefore, we can employ
H∞ CCSC to achieve both robust performance and robust
stability synchronous control. The weighting functions W1 and
W3 are chosen as

W1 =
20

(
s

200 + 1
)

s + 0.1
(51)

W3 =
s

12.5 + 1
8
(

s
200 + 1

) . (52)

Fig. 10. Bode diagram of weighting functions W1 and W3.

Fig. 11. Weighting function W3 and model uncertainty.

W1 is chosen to penalize the sensitivity S(s) at low fre-
quency, reject dc disturbance well, and ensure that system per-
formance is maintained in spite of existing slowly time-varying
parameters at low frequency due to modeling uncertainties in
P . In our design, as mentioned in Section III, CCSC forms
extra outer loops for the original axial tracking system; hence,
W1 is chosen to make the bandwidth of CCSC lower than the
original single axial tracking loop. As mentioned in (44), W3

is chosen to ensure robust stability by enveloping (P̃ /P − I).
Therefore, W1 and W3 are illustrated in Fig. 10. Evidently,
the designed W3 can cover parameter variation of inertia and
viscous damping in each axis, as shown in Fig. 11. The H∞
controller is further carried out by the software package of
MATLAB following the previous design procedures.

For comparison, the uncoupled multiaxes motion control
system and two synchronous control scheme proposed by
Cheng [21], [22] are also implemented in the simulation and
experiment to evaluate the control performance of the proposed
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Fig. 12. Position synchronous control structure of [21].

Fig. 13. Position synchronous control structure of [22].

CCSC. Fig. 12 shows the block diagram of [21], and the control
laws in each axis are

τi = KviVi + KpiPai
+ Kci(Pai

− Paavg) for i = 1 · · · 4
(53)

where τi is the control effort in the feedback loop, Kvi, Kpi,
and Kci are the control parameters, Vi is the velocity, Pai is
the actual position, and Paavg is the average actual position
corresponding to each axis.

Fig. 13 shows the block diagram of [22], and the control laws
in each axis are

τi = −0.25hiZi + F̂fi(t) +
[
KiiZi + φ̂i2Vi

+ φ̂i1(Acmd + Kpiėi + Ksiėiave)
]
/KtiUti (54)

where τi is the control effort of the adaptive robust tracking and
synchronization control, Zi is a cost variable of tracking error

Fig. 14. Schematic diagram of the experimental setup.

Fig. 15. Synchronous errors of uncoupled multiaxes motion control system.
(a) Simulated. (b) Experimental.

and synchronization, hi is a limit range of variable parameter
function, Kii, Kpi, and Ksi are the control parameters, Acmd

is the acceleration command, ėi is the differential of tracking
error, ėiave is the differential of each axis synchronization error,
and φ̂i1, φ̂i2, and F̂fi are the estimated system parameters.

The schematic diagram of the experimental system is de-
picted in Fig. 14. The feedback control and CCSC of exper-
imental studies are implemented on a PC. The servo driver
with current signal feedback includes a current loop and a
pulse width modulation drive. The PC interface utilizes a D/A
converter and an encoder interface to send the control input
and receive the encoder feedback signals. This experimental
servo system is built up in a so-called semiclosed loop, i.e., the
feedback signal is from the encoder of the servomotor.
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Fig. 16. Synchronous errors of Cheng’s feedback control method. (a) Simu-
lated. (b) Experimental.

A. Synchronous Performance Without Parameter Varying
and Disturbance

In an uncoupled multiaxes motion control system, the dy-
namic of each axis must be guaranteed to achieve a synchronous
motion that implies the synchronous error is small. However,
the equivalent dynamic of each axis cannot be tuned well in
practice due to the different motor character, loading effect, and
extrinsic disturbances.

When the position command, shown in Fig. 7, is individually
fed into each axis, the simulated and experimental results of
synchronous error are shown in Fig. 15(a) and (b), respectively.
The synchronous errors clearly increase with increasing feed
rate under the uncoupled condition, and Fig. 15(b) shows
that the experimental synchronous errors have high frequency
signals.

The other two compared synchronous control schemes were
proposed by Cheng et al. [21], [22]. In first scheme shown
in Fig. 12, the following two steps are involved to design the
control law parameters, as shown in (53): 1) The parameters
Kvi and Kpi are tuned to fit the same tracking performance
mentioned in an uncoupled multiaxes motion control system by
pole-placement method. 2) Adjust Kci by trial and error to let
the synchronous error as small as possible. Fig. 16 shows the
synchronous errors of simulated and experimental results, and
furthermore, compared with the uncoupled multiaxes motion
control system, the synchronous errors are decreased in three
different feed rates. In the second scheme shown in Fig. 13,
there are eight parameters that should be well tuned, as shown
in (53). Fig. 17 shows the synchronous errors of simulated

Fig. 17. Synchronous errors of Cheng’s adaptive robust control method.
(a) Simulated. (b) Experimental.

and experimental results, and furthermore, compared with the
uncoupled multiaxes motion control system, the synchronous
errors are dramatically decreased in three different feed rates.

For our proposed CCSC, the parameters of each tracking
controller are tuned by uncoupled multiaxes motion controller,
and the synchronous controller is designed according to weight-
ing functions W1 and W3, as shown in (51) and (52). The
simulated and experimental results of synchronous errors are
shown in Fig. 18(a) and (b), respectively. Comparing Fig. 18(a)
with Fig. 15(a), the maximal absolute synchronous errors of
uncoupled multiaxes motion control system are 0.0168, 0.0317,
and 0.0473 mm at low, middle, and high feed rates in the
simulation condition, respectively. The maximal absolute syn-
chronous error is compensated to less than 0.0137 mm on
all trajectories by our proposed CCSC, and the synchronous
error in most regions is close to zero. Comparing Fig. 18(b)
with Fig. 15(b), the maximal absolute synchronous errors of
uncoupled multiaxes motion control system are 0.0276, 0.0464,
and 0.0655 mm at low, middle, and high feed rate in the
experimental condition, respectively. The maximal absolute
synchronous error is compensated to less than 0.0166 mm on all
trajectories by our proposed CCSC, and the synchronous error
in most regions is also close to zero. The results show that our
proposed CCSC provides excellent synchronous performance.
In addition, Fig. 19 shows the magnitudes of synchronous
error corresponding to four control schemes in simulation and
experiment. The proposed CCSC can dramatically reduce the
maximum magnitude of synchronous error from 0.0621 to
0.0171 mm and from 0.0655 to 0.0166 mm in simulated and
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Fig. 18. Synchronous errors of proposed CCSC. (a) Simulated.
(b) Experimental.

Fig. 19. Magnitudes of synchronous error. (a) Simulated. (b) Experimental.

experimental results, respectively. Tables II and III summarize
the other three error indexes; mean synchronous error (Mean),
integral absolute synchronous error, and root mean square of
synchronous error for both simulation and experiment. All the
indexes have been greatly improved by our proposed CCSC.

TABLE II
SIMULATED SYNCHRONOUS PERFORMANCE

TABLE III
EXPERIMENTAL SYNCHRONOUS PERFORMANCE

B. Synchronous Performance With Disturbance

In this section, the proposed CCSC demonstrated the capa-
bility of unexpected disturbance suppression. The disturbance
was simulated by adding a step input with a magnitude of
0.5 V, which corresponds to 0.215 N-m to axis 1. Fig. 20 shows
that the step voltage is added during the forward and backward
tracking travels between 97.65 and 146.48 mm at different feed
rates. Fig. 21 shows the simulated and experimental results that
the added disturbance does not greatly affect the synchronous
error using the proposed CCSC except some sparks happened
at the starting and ending instants of added disturbance. In con-
trast, the disturbance degrades the synchronization performance
significantly using the proposed scheme of Cheng; simulated
and experimental results are shown in Fig. 22. Cheng’s adaptive
robust control can also suppress most disturbances during the
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Fig. 20. Simulated disturbance input.

Fig. 21. Synchronous errors of proposed CCSC with disturbance. (a) Simu-
lated. (b) Experimental.

added periods; simulated and experimental results are shown
in Fig. 23. However, the performance is still poor than our
proposed CCSC. All the performance indexes are shown in
Tables IV and V.

C. Synchronous Performance With Varying Parameter

Since the uncertainties of parameters are unknown in actual
plant, the synchronous performance with varying parameters is
tested in simulation. Here, we change the identified nominal
inertia to 110% and viscous damping to 500% of each axis.
Appling original controller parameters and input, the same
position command can get the synchronization performance
of uncoupled multiaxes shown in Fig. 24. Here, the synchro-
nization errors yield several peaks during motion on Acc/Dec
period. However, the proposed control scheme of Cheng [21]

Fig. 22. Synchronous errors of Cheng’s feedback control method with distur-
bance. (a) Simulated. (b) Experimental.

Fig. 23. Synchronous errors of Cheng’s adaptive control method with distur-
bance. (a) Simulated. (b) Experimental.

get worse results than uncoupled multiaxes in the same condi-
tion. The synchronous errors are shown in Fig. 25. In contrast,
our proposed CCSC can dramatically reduce the synchronous
errors, as shown in Fig. 26. Cheng’s adaptive robust control
method can also suppress the varying parameter; simulated
and experimental results are shown in Fig. 27. However, the
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TABLE IV
SIMULATED SYNCHRONOUS PERFORMANCE WITH DISTURBANCE

TABLE V
EXPERIMENTAL SYNCHRONOUS PERFORMANCE WITH DISTURBANCE

Fig. 24. Simulated synchronous errors of uncoupled multiaxes motion control
system with parameters varying.

performance is still poor than our proposed CCSC. Further
comparisons are shown in Table VI.

VI. CONCLUSION

A new CCSC structure using the H∞ control scheme with
compensation at its reference position command has been
presented together with its stability analysis. Since the new
structure allows the CCSC to directly compensate the multi-

Fig. 25. Simulated synchronous errors of Cheng’s control method with para-
meters varying.

Fig. 26. Simulated synchronous errors of proposed CCSC with parameters
varying.

Fig. 27. Simulated synchronous errors of Cheng’s adaptive control method
with parameters varying.

axial reference position commands, it has the potential to be
integrated into any kind of axial tracking controller. This paper
adopts the concept of SETFM, and the H∞ mixed sensitivity
problem method is used to design a CCSC. Experimental results
show that this multiaxial motion control system can achieve
satisfactory synchronization accuracy under different motion
conditions. The proposed controller can easily be implemented
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TABLE VI
SIMULATED SYNCHRONOUS PERFORMANCE

WITH VARYING PARAMETERS

on most current motion systems simply by reprogramming the
reference position command subroutine, with no change in the
motion systems hardware.

Although this paper proposes an H∞ cross-coupling position
command shaping control to reduce the position synchronous
error, feedforward controllers, such as ZPETC, can indepen-
dently be designed and can coexist with the proposed control
scheme. The authors will soon propose a hybrid control scheme
to simultaneously reduce tracking and synchronous errors.
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